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Abstrat
The theory of Lie systems has reently been applied to Quantum
Mehanis and additionally some integrability onditions for Lie sys-
tems of dierential equations have also reently been analysed from a
geometri perspetive. In this paper we use both developments to ob-
tain a geometri theory of integrability in Quantum Mehanis and we
use it to provide a series of non-trivial integrable quantum mehanial
models and to reover some known results from our unifying point of
view.
1 Introdution.
Some reent papers have been devoted to apply the theory of Lie systems
[1, 2, 3, 4℄ to Quantum Mehanis [5, 6℄. As a result it has been proved that
suh a the theory an be used to treat some types of Shrödinger equations,
the so-alled quantum Lie systems, to obtain exat solutions, t-evolution
operators, et. One of the fundamental properties found is that quantum Lie
systems an be investigated by means of equations in a Lie group. Through
this equation we an analyse the properties of the assoiated Shrödinger
equation, i.e. the type of the assoiated Lie group allows us to know whether
a Shrödinger equation an be integrated [5℄.
There are many papers devoted to study integrability of Lie systems, for
instane the partiular ase of Riati equations [7, 8℄. It has been shown in
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these papers that integrability onditions for Lie systems, in the partiular
ase of Riati equations, appear as related to some transformation properties
of the assoiated equations in SL(2,R). It was also shown in a reent work [9℄
that the same proedure used to investigate Riati equations an be applied
to deal with any Lie system.
In the ase of a quantum Lie system, the orresponding Shrödinger equa-
tion an be assoiated with an equation in a Lie group [5℄. The transfor-
mation properties of suh an equation were investigated in the theory of
integrability of Lie systems and they an be used in a quantum Lie sys-
tem to study integrability onditions. All the results obtained in [9℄ an be
straightforwardly translated to the quantum framework and some non-trivial
integrable models an be obtained. The aim of this paper is to show how we
an apply the theory of integrability of Lie systems to quantum Lie systems
and to give some appliations.
The pratial importane of this method is to be emphasised. It en-
ables dealing with non-trivially integrable t-dependent Shrödinger equa-
tions. This fat allows us to investigate physial models by means of non-
trivial exat solutions. It also provides a proedure to avoid numerial meth-
ods to study ertain Shrödinger equations beause when our methods an
be applied, numerial methods are frequently not neessary and exat results
an be used to test the eieny and auray of dierent approximation
methods.
More speially, in this paper we treat t-dependent spin Hamiltonians.
This kind of Hamiltonians appear broadly in Physis [10, 11, 12, 13, 14℄ and,
in partiular, in the appliation of the adiabati approximation to the study
of Berry phases [15, 16, 17, 18℄. In this topi, some exat solutions of ertain
non-trivial t-dependent spin Hamiltonians have been lately used to alulate
geometri phases exatly and through the adiabati approximation, getting
in this way a method to hek out the validity of suh an approximation
and solving some possible inonsistenies that have been lately pointed out.
Furthermore, some works have reently been devoted to provide new inte-
grable t-dependent spin Hamiltonians [19, 20, 21℄. In this paper, we explain
why some of the t-dependent Hamiltonians appearing in all these works are
integrable and we provide a method to get new integrable Hamiltonians in
this and any other eld where quantum Lie systems appear.
The organisation of the paper is as follows. Setion 2 is devoted to re-
view some properties of the Dierential Geometry of innite-dimensional
manifolds in order to analyse in Setion 3 the theory of Lie systems and
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Quantum Mehanis. Setion 4 desribes the spin Hamiltonian whih ap-
pears broadly in many elds in Physis and whih gives rise to the usually
known as ShrödingerPauli equation [22℄ and we show in this Setion that
the Shrödinger equation orresponding to this Hamiltonian is a quantum
Lie system. In Setions 5 and 6 the theory of integrability onditions devel-
oped in [8, 9℄ is applied to the Shrödinger equations studied in Setion 4.
In Setion 7 we obtain some integrability onditions and in Setion 8 some
appliations to Physis are given.
2 Dierential geometry in Hilbert spaes.
In order to provide the basi knowledge to develop the main results
of the paper, in this and next setion we report some known results on
the Dierential Geometry in innite-dimensional manifolds and quantum Lie
systems. We also detail some results about quantum Lie systems whih were
not fully explained in previous works. For further details one an onsult
[5, 6, 23℄.
As far as QuantumMehanis is onerned, the separable omplex Hilbert
spae of states H an be seen as a (innite-dimensional) real manifold admit-
ting a global hart [24℄. Innite-dimensional manifolds do not admit many of
the lassial results of the geometri theory of nite-dimensional manifolds,
e.g. in the most general ase and given an open U ⊂ H, there is not a
one-to-one orrespondene between derivations on C∞(U,R) and setions of
the tangent bundle TU . Therefore, some explanations must be done before
dealing with suh manifolds.
On one hand, given a point φ ∈ H, a kinemati tangent vetor with foot
point φ is a pair (φ, ψ) with ψ ∈ H. We all TφH the spae of all kinemati
tangent vetors with foot point φ. It onsists of all derivatives c˙(0) at φ of
smooth urves c : R → H with c(0) = φ. This fat explains the name of
kinemati.
From the onept of kinemati tangent vetor we an provide the deni-
tion of smooth kinemati vetor elds as follows: A smooth kinemati vetor
eld is an element X ∈ X(H) ≡ Γ(π), with TH the so-alled kinemati tan-
gent bundle and π : TH → H the projetion of this bundle. In another
way, we dene a kinemati vetor eld X as a map X : H → TH suh that
π ◦X = IdH. Given a ψ ∈ H we will denote from now on X(ψ) = (ψ,Xψ)
with Xψ the value of X(ψ) in TψH.
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In similarity with the Dierential Geometry in nite-dimensional mani-
folds, we say that a kinemati vetor eld X onH has a loal ow on an open
subset U ⊂ H if there exists a map F lX : R×U → H suh that F l(0, ψ) = ψ
for all ψ ∈ U and
Xψ =
d
dt
∣∣∣∣
t=0
F lX(t, ψ) =
d
dt
∣∣∣∣
t=0
F lXt (ψ),
with F lXt (ψ) = F l
X(t, x).
The denition of the Lie braket at a point in a innite dimensional
manifold for two kinemati vetor elds X, Y admitting loal ows F lXt and
F lYt oinides with the known formula used in nite-dimensional Dierential
Geometry and it reads
[[X, Y ]]ψ =
1
2
d2
dt2
∣∣∣∣
t=0
(F lY−t ◦ F lX−t ◦ F lYt ◦ FXt (ψ)). (1)
Let us use all these mathematial onepts to study Quantum Mehanis
as a geometri theory. Note that the Abelian translation group onH provides
us with an identiation of the tangent spae TφH at any point φ ∈ H with
H itself. Furthermore, through suh an identiation of H with TφH at
any φ ∈ H a ontinuous kinemati vetor eld is just a ontinuous map
X : H → H,
Starting with a bounded C-linear operator A on H, we an dene the
kinemati vetor eld XA by
XAψ = Aψ ∈ H ≃ TψH.
Usually, operators in Quantum Mehanis are neither ontinuous nor de-
ned on the whole spae H. The most relevant ase is when A is a skew-
self-adjoint operator of the form A = −iH . The reason is that H an
be endowed with a natural (strongly) sympleti struture, and then suh
skew-self-adjoint operators are singled out as the linear vetor elds that are
Hamiltonian. The integral urves of suh a Hamiltonian vetor eld XA are
the solutions of the orresponding Shrödinger equation [5, 24℄. Even when
A is not bounded, if A is skew-self-adjoint it must be densely dened and,
by Stone's Theorem, its integral urves are strongly ontinuous and dened
in all H.
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Additionally, these kinemati vetor elds related to skew-self-adjoint op-
erators admit loal ows, i.e. any skew-self-adjoint operator A has a loal
ow
F lAt (ψ) = exp(tA)(ψ) as
d
dt
F lAt (ψ) = Aexp(tA)(ψ) = A(F l
A
t (ψ)). (2)
We remark that given two onstants λ, µ ∈ R and skew-self-adjoint opera-
tors A and B we get thatXλA+µB = λXA+µXB. Moreover, skew-self-adjoint
operators onsidered as vetor elds are fundamental vetor elds relative to
the usual ation of the unitary group U(H) on the Hilbert spae H.
Let us now investigate the Lie braket of two kinemati vetor elds XA
and XB assoiated with skew-self-adjoint operators A and B. Indeed, taking
into aount (1) and (2), we get
[[
XA, XB
]]
ψ
=
1
2
d2
dt2
∣∣∣∣
t=0
exp (−tB) exp (−tA) exp (tB) exp (tA) (ψ)
=
1
2
d2
dt2
∣∣∣∣
t=0
(
∞∑
n1=0
(−tB)n1
n1!
)(
∞∑
n2=0
(−tA)n2
n2!
)
(
∞∑
n3=0
(tB)n3
n3!
)(
∞∑
n4=0
(tA)n4
n4!
)
(ψ)
=
1
2
d2
dt2
∣∣∣∣
t=0
(−t2AB + t2BA) (ψ)
=
1
2
d2
dt2
∣∣∣∣
t=0
(
t2[B,A]
)
(ψ) = [B,A](ψ),
from where we obtain that
[[XA, XB]] = −X [A,B]. (3)
3 Quantum Lie systems.
Now the theory of Lie systems applies to the ase in whih a t-dependent
Hamiltonian an be written as a linear ombination with t-dependent real
oeients of some self-adjoint operators,
H(t) =
r∑
k=1
bk(t)Hk , (4)
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where the operators iHk lose on a real nite-dimensional Lie algebra V
under the ommutator of operators, i.e.
[iHj , iHk] =
r∑
l=1
cjkl iHl, cjkl ∈ R, j, k = 1, . . . , r. (5)
We all V a quantum Vessiot-Guldberg Lie algebra and we say that H(t) is a
quantum Lie system.
A quantum Lie system H(t) determines a Shrödinger equation of the
form
dψ
dt
= −iH(t)ψ = −
r∑
k=1
bk(t)iHkψ, (6)
desribing the integral urves for the t-dependent kinemati vetor eld on
H given by
X(t) =
r∑
k=1
bk(t)Xk,
with Xk the vetor elds assoiated with the skew-self-adjoint operators
−iHk. In view of the relation (3) and the ommutation relations (5), we
obtain
[[Xj , Xk]] =
r∑
l=1
cjklXl, j, k = 1, . . . , r, (7)
and we an get the onstants of struture of the vetor elds Xk by means
of the ommutators of the operators iHk. The linear ombinations of the
vetor elds Xk, with k = 1, . . . , r, span a real nite dimensional Lie algebra
isomorphi to V . On one hand, whether H is a nite-dimensional manifold
the Shrödinger equation (6) is a Lie system. On the other hand, if H were
an innite-dimensional manifold, suh a Shrödinger equation is the innite-
dimensional analogue to a Lie system.
Now we an hoose a basis {ak | k = 1, . . . , r} of an abstrat Lie algebra
g isomorphi to V suh that the Lie brakets of the elements ak of this Lie
algebra, denoted by [·, ·], satisfy
[aj , ak] =
r∑
l=1
cjklal , cjkl ∈ R. (8)
In this ase one an show that there exists an unitary ation Φ : G×H → H
of a Lie group G ⊂ U(H) with algebra g on the Hilbert spae H suh that
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the elements of the basis {ak | k = 1, . . . , r} satisfying (8) hold
d
dt
∣∣∣∣
t=0
Φ(exp(−tak), ψ) = (Xk)ψ,
i.e. the fundamental vetor eld assoiated with ak is the kinemati vetor
eld Xk related to the skew-self-adjoint operator −iHk.
Then, solving the Shrödinger equation for the quantum Lie system H(t)
redues to solving an equation in G given by
Rg−1∗g˙ = −
r∑
k=1
bk(t)ak ≡ a(t), g(0) = e.
One that this equation has been solved the solution of the Shrödinger
equation with initial ondition ψ(0) is ψ(t) = Φ(g(t), ψ(0)), see [5℄.
4 Spin Hamiltonians.
In this setion we investigate a partiular quantum mehanial system
whose dynamis is given by the ShrödingerPauli equation [22℄. We rst
prove that this Hamiltonian is a quantum Lie system and in a later Setion
we apply the theory of the integrability of Lie systems to suh a system.
The system whih we study is desribed by the t-dependent Hamiltonian
H(t) = Bx(t)Sx +By(t)Sy +Bz(t)Sz,
with Sx, Sy and Sz being the spin operators. Let us denote S1 = Sx, S2 = Sy
and S3 = Sz, then the t-dependent Hamiltonian H(t) is a quantum Lie
system, beause the spin operators are suh that
[iSj , iSk] = −
3∑
l=1
ǫjkl iSl, j, k = 1, 2, 3, (9)
with ǫjkl being the omponents of the fully skew-symmetri Levi-Civita ten-
sor. The Shrödinger equation orresponding to this t-dependent Hamilto-
nian is
dψ
dt
= −iBx(t)Sx(ψ)− iBy(t)Sy(ψ)− iBz(t)Sz(ψ), (10)
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that an be seen as the dierential equation for the determination of the
integral urves for the t-dependent vetor eld in the (maybe-innite dimen-
sional) Hilbert spae H given by
X(t) = Bx(t)X1 +By(t)X2 +Bz(t)X3,
with
(X1)ψ = −iSx(ψ), (X2)ψ = −iSy(ψ), (X3)ψ = −iSz(ψ).
The t-dependent vetor eldX an be written as a linear ombinationX(t) =
3∑
k=1
bk(t)Xk of the vetor elds Xk with b1(t) = Bx(t), b2(t) = By(t) and
b3(t) = Bz(t) and therefore our Shrödinger equation is a Lie system related
to a quantum Vessiot-Guldberg Lie algebra isomorphi to su(2).
A basis of su(2) suh that their fundamental vetor elds are the Xk is
given by the following skew-selfadjoint 2× 2 matries
a1 ≡ 1
2
(
0 i
i 0
)
, a2 ≡ 1
2
(
0 1
−1 0
)
, a3 ≡ 1
2
(
i 0
0 −i
)
. (11)
These matries satisfy the ommutation relations
[aj , ak] = −
3∑
l=1
ǫjklal, j, k = 1, 2, 3,
whih are similar to (9). Hene, we an dene an ation Φ : SU(2)×H → H
suh that
Φ(exp(ckak), ψ) = exp(ckiHk)(ψ), k = 1, 2, 3,
for any real onstants c1, c2 and c3. Moreover,
d
dt
∣∣∣∣
t=0
Φ(exp(−itak), ψ) = d
dt
∣∣∣∣
t=0
exp(−itHk)(ψ) = −iHk(ψ) = (Xk)ψ,
getting that Xk is the fundamental vetor eld assoiated with ak. Thus, the
equation in SU(2) related by means of Φ to the Shrödinger equation (10) is
Rg−1∗g
dg
dt
= −
3∑
k=1
bk(t)ak ≡ a(t) ∈ su(2), g(0) = e. (12)
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It was shown in [5℄ that the group G of urves in the group of a Lie system,
in this ase G = Map(R, SU(2)), ats on the set of Lie systems assoiated
with an equation in the Lie group G in suh a way that, in a similar way to
what happened in [7℄, a urve g¯ ∈ G transforms the initial equation (12) into
the new one haraterised by the urve
a′(t) ≡ −Ad(g¯)
(
3∑
k=1
bk(t)ak
)
+Rg¯−1∗g¯
dg¯
dt
= −
3∑
k=1
b′k(t)ak. (13)
One again this new equation is related to a new Shrödinger equation in H
determined by a new Hamiltonian
H ′(t) =
3∑
k=1
b′k(t)Sk .
Additionally, it an be seen [5℄ that the urve g¯(t) in SU(2) indues a
t-dependent unitary transformation U¯(t) on H transforming the initial t-
dependent Hamiltonian H(t) into H ′(t).
To sum up, the theory of Lie systems redues the problem of solving
Shrödinger equations related to spin Hamiltonians H(t) to solve ertain
equations in the Lie group SU(2). Then, the transformation properties of
the equations in SU(2) desribe the transformation properties of H(t) by
means of ertain t-dependent unitary transformations desribed by urves in
SU(2).
Note also that the theory here developed for spin Hamiltonians an be
straightforwardly applied to any other quantum Lie system. The only dier-
ene is that other quantum Lie systemH(t)may be related to other Lie group
G. Anyway, the proedure desribed before an be applied again hanging
SU(2) by the new Lie group G.
5 Lie struture of an equation of transforma-
tion of Lie systems.
Our aim in this setion is to prove that the urves in SU(2) relating the
equations dened by two urves a(t) and a′(t) in TISU(2) ≃ su(2), respe-
tively, an be found as solutions of a Lie system of dierential equations.
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Reall that the matries of SU(2) are of the form
g¯ =
(
a b
−b∗ a∗
)
, a, b ∈ C, (14)
with |a|2 + |b|2 = 1 and the elements of su(2) are traeless skew-Hermitian
matries and therefore real linear ombinations of the basis {ai | i = 1, 2, 3}.
Then the transformation rule (13), whih an be onsidered as an equation
in SU(2) for the urve g¯ relating to equations in SU(2) determined by the
urves a(t) and a′(t) in su(2), beomes a matrix equation that an be written
dg¯
dt
g¯−1 = −
3∑
k=1
b′k(t)ak +
3∑
k=1
bk(t)g¯akg¯
−1. (15)
Multiplying on the right by g¯ both sides of this equation we get
dg¯
dt
= −
3∑
k=1
b′k(t)akg¯ +
3∑
k=1
bk(t)g¯ak . (16)
Considering a reparametrisation of the t-dependent oeients of g¯
a(t) = x1(t) + i y1(t),
b(t) = x2(t) + i y2(t),
for real funtions xj and yj, with j = 1, 2, it is a straightforward omputation
to obtain that (16) is a linear system of dierential equations in the new
variables x1, x2, y1 and y2 that an be written as follows:

x˙1
x˙2
y˙1
y˙2

 = 12


0 b′2 − b2 −b3 + b′3 −b1 + b′1
b2 − b′2 0 −b1 − b′1 b3 + b′3
b3 − b′3 b′1 + b1 0 −b2 − b′2
b1 − b′1 −b3 − b′3 b2 + b′2 0




x1
x2
y1
y2

 (17)
In order to desribe the urves in SU(2) relating two given Shrödinger
equations (10) with dierent t-dependent oeients as solutions of this sys-
tem of dierential equations we have to additionally impose that x21 + x
2
2 +
y21 + y
2
2 = 1. Nevertheless, for the time being we an forget suh a restrition
beause it is automatially implemented by means of a ondition on the ini-
tial values of the variables x1, x2, y1 and y2 of the equation. Therefore we an
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deal with the four variables in the preeding system of dierential equations
(17) as being independent ones. This linear system of dierential equations
is a Lie system assoiated with a Lie algebra of vetor elds gl(4,R) but the
solutions with initial ondition related to a matrix in the subgroup SU(2)
always remain in suh a subgroup. In fat, onsider the set of vetor elds
N1 =
1
2
(
−y2 ∂
∂x1
− y1 ∂
∂x2
+ x2
∂
∂y1
+ x1
∂
∂y2
)
,
N2 =
1
2
(
−x2 ∂
∂x1
+ x1
∂
∂x2
− y2 ∂
∂y1
+ y1
∂
∂y2
)
,
N3 =
1
2
(
−y1 ∂
∂x1
+ y2
∂
∂x2
+ x1
∂
∂y1
− x2 ∂
∂y2
)
,
N ′1 =
1
2
(
y2
∂
∂x1
− y1 ∂
∂x2
+ x2
∂
∂y1
− x1 ∂
∂y2
)
,
N ′2 =
1
2
(
x2
∂
∂x1
− x1 ∂
∂x2
− y2 ∂
∂y1
+ y1
∂
∂y2
)
,
N ′3 =
1
2
(
y1
∂
∂x1
+ y2
∂
∂x2
− x1 ∂
∂y1
− x2 ∂
∂y2
)
,
for whih the non-zero ommutation relations are given by:
[N1, N2] = −N3, [N2, N3] = −N1, [N3, N1] = −N2,
[N ′1, N
′
2] = −N ′3, [N ′2, N ′3] = −N ′1, [N ′3, N ′1] = −N ′2 .
Note that [Nj, N
′
k] = 0, for j, k = 1, 2, 3, and therefore the system of
linear dierential equations (17) is a Lie system in R
4
assoiated with a Lie
algebra of vetor elds isomorphi to g ≡ su(2)⊕ su(2), i.e. the Lie algebra
deomposes into a diret sum of two Lie algebras isomorphi to su(2), the
rst one is generated by {N1, N2, N3} and the seond one by {N ′1, N ′2, N ′3}.
If we denote x ≡ (x1, x2, y1, y2) ∈ R4, the system (17) an be written as
a system of dierential equation in R
4
:
dx
dt
= N(t, x), (18)
with N(t) being the t-dependent vetor eld given by
N(t) =
3∑
k=1
(bk(t)Nk + b
′
k(t)N
′
k) .
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The family of vetor elds {N1, N2, N3, N ′1, N ′2, N ′3} generate an involutive
distribution of rank three in almost any point of R
4
and onsequently there
exists, at least loally, a rst-integral for all the vetor elds (18). It an
be veried that suh a rst-integral is globally dened and reads I(x) =
x21 + x
2
2 + y
2
1 + y
2
2. Hene, given a solution x(t) of the system (21) with
I(x(0)) = x1(0)
2 + x2(0)
2 + y1(0)
2 + y2(0)
2 = 1, then I(x(t)) = 1 at any time
t and the solution x(t) an be related to a urve in SU(2). Therefore, we have
found that the urves in SU(2) relating the two dierent urves assoiated
with two Shrödinger equations as in (10) an be desribed by the solutions
x(t) of the system (18) with I(x(0)) = 1, and vieversa:
Theorem 1. The urves in SU(2) relating two equations in the group SU(2)
haraterised by the urves in TISU(2)
a′(t) = −
3∑
k=1
b′k(t)ak , a(t) = −
3∑
k=1
bk(t)ak
are desribed by the solutions of the system
dx
dt
= N(t, x),
with
N(t) =
3∑
k=1
(bk(t)Nk + b
′
k(t)N
′
k) ,
and suh that I(x(0)) = 1. This is a Lie system related to a Lie algebra of
vetor elds isomorphi to su(2)⊕ su(2).
As a onsequene of the previous Theorem and the theorem of existene
and uniqueness of solutions of dierential equations, we get the next orollary.
Corollary 1. Given two Shrödinger equations assoiated with urves a′(t)
and a(t) in su(2) there always exists a urve in SU(2) relating both systems.
Even if we know that given two equations in the Lie group SU(2) there
exists always a transformation relating both whih is a solution of the Lie
system (18), in order to nd suh a urve one must expliitly solve this system
of dierential equations. This is a Lie system related to a non-solvable Lie
algebra, then it is not easy to nd its solutions in general, e.g. it is not
integrable by quadratures.
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From this viewpoint, it is lear the existene of integrability onditions
that will be used in next Setions for obtaining exat solutions of some phys-
ial problems in Quantum Mehanis.
6 Integrability onditions for SU(2) Shrödinger
equations.
We start this setion by reviewing some results about integrability on-
ditions derived in [9℄ from the perspetive of the theory of Lie systems. The
results given there are a little bit dierent from those shown in this Se-
tion but the fundamental aspets remain the same. Indeed, the approah
desribed along this Setion an be applied to any Lie system in Classial
and Quantum Mehanis. This fat learly illustrates the importane of the
method in order to obtain any kind of integrable Lie system.
As it was shown in the preeding Setion, if the urve g¯(t) ⊂ SU(2)
transforms the equation in this Lie group dened by the urve a(t) into
another one haraterised by a′(t) aording to the rule (15) and g′(t) is a
solution for the equation haraterised by a′(t), then g(t) = g¯−1(t)g′(t) is a
solution for the equation in SU(2) haraterised by a(t). Hene, the urve
g¯(t) enables us to get the solution g(t) of the equation in SU(2) determined
by a(t) from the solution g′(t) for the equation determined by a′(t) and
vieversa.
When a′(t) lies in a solvable Lie subalgebra of su(2) we an obtain g′(t)
in many ways, e.g. by quadratures or by other methods as those used in [7℄.
Then, one g′(t) is obtained, the knowledge of the urve g¯(t) transforming
the urve a(t) into a′(t) provides us the solution urve g(t).
Therefore we begin with a urve a′(t) in a solvable Lie subalgebra of su(2)
and using (18), with urves in a restrited family of urves in SU(2), we relate
it to other possible urves a(t), nding in this way a family of equations in
SU(2), and thus spin Shrödinger equations in H, that an be exatly solved.
Suppose we put some restritions in the family of urves used in the
system dierential equations (18), for instane we hoose b = 0. As a on-
sequene, there are instanes for whih this system of dierential equation
does not admit any solution and it is not possible to onnet the urves a(t)
and a′(t) by a urve satisfying the assumed restritions. Thus this gives rise
to some ompatibility onditions for the existene of one of these speial
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solutions, either algebrai and/or dierential ones, between the t-dependent
oeients of a′(t) and a(t). It is shown later on that suh restritions orre-
spond to some integrability onditions that desribes some exatly solvable
models proposed in the literature. So, our approah is useful to provide
exatly integrable models found in the literature.
The two main ingredients to be taken into aount in what follows are:
1. The equations whih are haraterised by a urve a′(t) for whih the
solution an be obtained. We always suppose that a′(t) is related to a
onedimensional Lie subalgebra of su(2).
2. The restrition on the set of urves onsidered as solutions of the equa-
tion (21). In next setions we look for solutions of (21) related to urves
in a one-parameter subset of SU(2).
Consider the next example of our theory: suppose we try to onnet any
a(t) with a nal family a′(t) of urves of the form a′(t) = D(t)(c1a1 + c2a2 +
c3a3), with ci real numbers. In this way, the system of dierential equations
(21) desribing the urve g¯(t) ⊂ SU(2) whih onnets these urves reads:
dx
dt
=
3∑
k=1
bk(t)Nk(x) +D(t)
3∑
k=1
ckN
′
k(x) = N(t, x). (19)
Now, as the vetor eld
N ′ =
3∑
k=1
ckN
′
k,
is suh that
[Nk, N
′] = 0, k = 1, 2, 3,
the Lie system (19) is related to a Lie algebra of vetor elds isomorphi to
su(2)⊕R. As this Lie system has a non-solvable Vessiot-Guldberg Lie algebra
of vetor elds, it is not integrable by quadratures and the solution annot
be easily found in the general ase. Nevertheless, it is worthy to remark that
(19) has always a solution.
In this way we an onsider some instanes of (19) for whih the resulting
system of dierential equations an be integrated by quadratures. We an
onsider that x is related to a one-parameter family of elements of SU(2).
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Suh a restrition implies that (19) has not always a solution beause some-
times it is not possible to onnet a(t) and a′(t) by means of the hosen one-
parameter family. This fat imposes dierential and algebrai restritions to
the initial t-dependent funtions bk, with k = 1, 2, 3. These restritions will
desribe previously known integrability onditions and other new ones. So,
we an develop the ideas of [8, 9℄ in the framework of Quantum Mehanis.
Moreover, from this viewpoint we an nd new integrability onditions that
an be used to obtain exat solutions.
7 Appliation of integrability onditions in a
SU(2) Shrödinger equation.
In this Setion we restrit ourselves to the ase a′(t) = −D(t)a3, i.e.
b′1(t) = 0, b
′
2(t) = 0, b
′
3(t) = D(t). (20)
Hene, the system of dierential equations (17) desribing the urves g¯ re-
lating a Shrödinger equation to H ′(t) = D(t)Sz is

x˙1
x˙2
y˙1
y˙2

 = 12


0 −b2 −b3 +D −b1
b2 0 −b1 b3 +D
b3 −D b1 0 −b2
b1 −b3 −D b2 0




x1
x2
y1
y2

 . (21)
We see that aording to the result of Theorem 1 the t-dependent vetor
eld orresponding to suh a system of dierential equations an be writ-
ten as a linear ombination with t-dependent oeients of the vetor elds
N1, N2, N3 and N
′
3:
N(t) =
3∑
k=1
bk(t)Nk +D(t)N
′
3.
Thus the system (21) is assoiated with a Lie algebra of vetor elds iso-
morphi to u(1) ⊕ su(2). This Lie algebra is simpler than the initial one
(17), but it is not solvable and the system is as diult to be solved as the
initial Shrödinger equation. Therefore in order to get exatly solvable ases
we need to perform one again some kind of simpliation, i.e. by means of
some extra onditions on the variables. This means that the obtained system
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of dierential equation may have no solution with the additional onditions
imposed. The neessary and suient onditions required to the initial and
nal t-dependent funtions in order to be able to obtain a solution ompati-
ble with the assumed restritions give rise to integrability onditions for spin
Hamiltonians.
Suppose for instane that we impose the solutions to be in the one-
parameter subset Aγ ⊂ SU(2) given by
Aγ =
{(
cos γ
2
−e−bi sin γ
2
ebi sin γ
2
cos γ
2
) ∣∣∣∣ b ∈ [0, 2π)
}
, (22)
where γ is a xed real onstant suh that γ 6= 2πn, with n ∈ Z, beause in
suh a ase Aγ = ±I. In view of the denition of the sets Aγ and in terms
of the parametrisation (14) we have
x1 = cos
γ
2
, y1 = 0, x2 = − sin γ
2
cos b, y2 = sin
γ
2
sin b.
The elements of Aγ are matries in SU(2) and the system of dierential
equations we obtain reads

0
x˙2
0
y˙2

 = 12


0 −b2 −b3 +D −b1
b2 0 −b1 b3 +D
b3 −D b1 0 −b2
b1 −b3 −D b2 0




x1
x2
0
y2

 . (23)
and then we get as two integrability onditions for the system (23):
0 = −b2x2 − b1y2,
0 = (b3 −D)x1 + b1x2 − b2y2.
(24)
We an write the omponents (Bx(t), By(t), Bz(t)) of the magneti eld in
polar oordinates,
Bx(t) = B(t) sin θ(t) cosφ(t),
By(t) = B(t) sin θ(t) sin φ(t),
Bz(t) = B(t) cos θ(t),
with θ ∈ [0, π) and φ ∈ [0, 2π).
The rst algebrai integrability ondition reads in polar oordinates as
follows:
B(t) sin θ(t) sin
γ
2
(cosφ(t) sin b(t)− sinφ(t) cos b(t)) = 0
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and thus
B(t) sin θ(t) sin
γ
2
sin(b(t)− φ(t)) = 0,
from where we see that b(t) = φ(t). In suh a ase the seond algebrai
integrability ondition in (24) redues to
(Bz −D) cos γ
2
−B sin γ
2
sin θ = 0
and then the t-dependent oeient D is
D =
B
cos γ
2
cos
(γ
2
+ θ
)
. (25)
Finally we have to take into aount the dierential integrability ondition
x˙2 =
1
2
(
b2 cos
γ
2
+ (b3 +D) sin
γ
2
sin b
)
,
whih after some algebrai manipulation leads to
φ˙ =
B
2
(
sin(θ + γ
2
)
sin γ
2
+
cos(γ
2
+ θ)
cos γ
2
)
,
and then
φ˙ = B
sin(θ + γ)
sin γ
, (26)
whih is a far larger set of integrable Hamiltonians than the one of the exatly
solvable Hamiltonians of this type found in the literature. As a partiular
example, when θ and B are onstants we nd
φ˙ = B
sin(θ + γ)
sin γ
≡ ω, (27)
and onsequently,
φ = ωt+ φ0.
In this way, we get that the t-dependent spin Hamiltonian H(t) determined
by the magneti vetor eld
B(t) = B(sin θ cos(ωt), sin θ sin(ωt), cos θ)
is integrable.
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Another interesting integrable ase is that given by θ = π/2, that is, the
magneti eld moves in the XZ plane, see [20, 25℄. In suh a ase, in view
of the integrability onditions (27), the angular frequeny φ˙ reads
φ˙ = −B cotanγ = ω.
The last one of the most known integrable ases, that given by a magneti
eld in a xed diretion B(t) = B(t)(sin θ cosφ, sin θ sinφ, cos θ), satises the
integrability ondition (26) for γ = −θ.
Apart from the previous ases, the integrability ondition (26) desribes
more, as far as we know new, integrable ases. For instane, onsider the
ase with θ xed and B non-onstant. In this ase, the orresponding H(t)
is integrable if
φ˙
B
=
sin(θ + γ)
sin γ
,
that is, if we x γ = π/2 we have that
ω = φ˙ = −B(t) cos θ =⇒ φ(t) = − cos θ
∫ t
B(t′)dt′.
Furthermore, we an onsider θ(t) = t and B onstant. In this ase, if we
x γ = −π/2, we get that the t-dependent Hamiltonian H(t) is integrable if
the φ(t) for B(t) holds the ondition
φ˙ = −B cos t =⇒ φ(t) = −B sin t.
To sum up, we have shown that there exists a omplete family of t-
dependent integrable spin Hamiltonians muh broader than the until now
known integrable ases. It is also easy to verify if a t-dependent spin Hamil-
tonian holds the integrability ondition (26) and then it an be integrated.
8 Appliations in Physis.
In this setion we use the results of the previous Setion in order to solve
a t-dependent spin Hamiltonian
H(t) = B(t) · S,
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whih appears broadly Physis: that one haraterised by the partiular
magneti elds
B(t) = B(sin θ cos(ωt), sin θ sin(ωt), cos θ), (28)
that is, magneti elds with a onstant modulus rotating along the OZ axis
with a onstant angular veloity ω. Suh Hamiltonians have been applied,
for instane, to analyse the preession of a spin in a transverse t-dependent
magneti eld [15℄, investigate the adiabati approximation and the unitarity
of the t-evolution operator through suh an approximation [16, 17℄, et.
In the previous Setion we showed that this t-dependent Hamiltonian is
integrable. Indeed, the integrability ondition (27) an be written as
tan γ =
sin θ
φ˙
B
− cos θ
, (29)
where we reall that γ must be a real onstant. In the ase of our partiular
magneti eld (28) the angular frequeny, ω = φ˙, the angle θ and the modulus
B are onstants. Therefore γ is a properly dened onstant, the integrability
ondition (27) holds and the value of γ is given by equation (29) in terms of
the parameters B, θ and ω desribing the magneti vetor eld.
We have already shown that whether B(t) satises (27) then H(t) is
integrable beause it an be transformed by means of a t-dependent hange of
variables in H indued by a urve g(t) in the set Aγ into a straightforwardly
integrable Shrödinger equation determined by a t-dependent Hamiltonian
H ′(t) = D(t)Sz. For the sake of simpliity let us parametrise the elements of
Aγ in a new way. Consider that being
−→σ = (σ1, σ2, σ3) and −→n ∈ R with the
matries σi the Pauli matries σx, σy and σz , we have
ei
−→σ ·−→n φ = I cos φ+ i−→σ · −→n sinφ.
So, for
−→n = (α1, α2, 0)/
√
α21 + σ
2
2 with real onstants α1, α2 and taking into
aount that a1 = iσx/2, a2 = iσy/2 and a3 = iσz/2, we get that
exp(α1a1 + α2a2) = exp(i
δ
2
−→σ −→n ) =
(
cos δ
2
−e−iϕ sin δ
2
eiϕ sin δ
2
cos δ
2
)
(30)
with δ =
√
α21 + α
2
2 and e
−iϕ = (α1 + iα2)/
√
α21 + α
2
2. In terms of δ and
ϕ the variables α1 and α2 an be written α1 = δ sinϕ and α2 = −δ cosϕ.
19
Hene, in view of (30), we see that we an desribe the elements of Aγ as(
cos γ
2
−e−bi sin γ
2
ebi sin γ
2
cos γ
2
)
= exp(γ sin b a1 − γ cos b a2), (31)
where b and γ are real onstants. For magneti vetor elds (28), the t-
dependent hange of variables transforming the initialH(t) into an integrable
H ′(t) = D(t)Sz is determined by a urve in Aγ with γ determined by the
equation (29) and b(t) = φ(t). Thus, suh a urve in Aγ has the form
t 7→ exp(γ sin(ωt) a1 − γ cos(ωt) a2). (32)
We emphasise that the above t-dependent hange of variables in SU(2) trans-
forms the equation in SU(2) determined by the initial urve
a(t) = −Bx(t)a1 − By(t)a2 − Bz(t)a3,
into and a new equation in SU(2) determined by a urve a′(t) = −D(t)a3.
Suh a t-dependent transformation in SU(2) indues a t-dependent unitary
hange of variables in H transforming the initial Shrödinger equation deter-
mined by the t-dependent Hamiltonian H(t), i.e.
∂ψ
∂t
= −iH(t)(ψ),
into the new Shrödinger equation
∂ψ′
∂t
= −iH ′(t)(ψ′) = −iD(t)Sz(ψ′). (33)
being the relation between ψ and ψ′ given by the orresponding t-dependent
hange of variables in H indued by the urve (32), i.e.
ψ′ = exp(γ sin(ωt) iSx − γ cos(ωt) iSy)ψ. (34)
In view of expression (25), we see that
D = B(cos θ − tanγ
2
sin θ),
and from (29) ant taking into aount that
tanγ =
2tanγ
2
1− tan2 γ
2
⇒ tanγ
2
=
−1±
√
1 + tan2γ
tanγ
,
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we obtain
tan
γ
2
=
1
sin θ
(
−ω
B
+ cos θ ±
√
ω2
B2
− 2ω
B
cos θ + 1
)
.
Using this result in the latter expression for D, suh a funtion beomes a
onstant whih an be written in terms of the variables θ, and B as
D = ω ±
√
ω2 − 2ωB cos θ +B2.
Thus the general solution ψ′(t) for the Shrödinger equation (33) with initial
ondition ψ′(0) is
ψ′(t) = exp (−itDSz)ψ′(0).
And the solution for the initial Shrödinger equation with initial ondition
ψ(0) an be obtained by inverting the t-dependent hange of variables (34)
to get
ψ(t) = exp (−iγ sinωt Sx + iγ cosωt Sy) exp (−iDtSz)ψ(0).
9 Conlusions and Outlook
We have shown that some previous results of the theory of integrability on-
ditions developed in [9℄ are straightforwardly appliable to a larger set than
Riati equations. Indeed, we have shown that these results an be applied
to Shrödinger equations on innite-dimensional manifolds in order to obtain
non-trivial exatly solvable t-dependent quantum Hamiltonians that are used
in many elds of Physis.
As a onsequene of this it is lear that it is possible to generalise the
proedure shown in [9℄ to a more general framework and this fat is worthy
of a deeper study.
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